A taut contact sphere on a 3-manifold is a linear 2-sphere of contact forms, all defining the same volume form. In an earlier paper we have shown that the only closed 3-manifolds that admit such a structure are the left-quotients of SU(2). In the present paper we give a complete classification of taut contact spheres, phrased in the language of quaternions. In the process, we show that a taut contact sphere on a closed 3-manifold M gives rise in a natural way to a flat hyperkähler metric on M × R. By solving an appropriate complex Monge-Ampère equation we show that this is not true, in general, for taut contact spheres on open manifolds. Included is also an existence result about contact spheres with a taut great circle.
Introduction
We begin with the definition of our basic objects of interest.
Definition 1.
A contact sphere is a triple of 1-forms (α 1 , α 2 , α 3 ) on a 3-manifold such that any non-trivial linear combination of these forms (with constant coefficients) is a contact form.
In other words, we require that the 3-form
is nowhere zero, i.e. a volume form, for any λ 1 , λ 2 , λ 3 ∈ R with λ 2 1 + λ 2 2 + λ 2 3 = 0. The name 'contact sphere' derives from the fact that it suffices to check this condition for points (λ 1 , λ 2 , λ 3 ) on the unit sphere S 2 ⊂ R 3 .
Definition 2.
A contact sphere (α 1 , α 2 , α 3 ) is called taut if the contact form λ 1 α 1 + λ 2 α 2 + λ 3 α 3 defines the same volume form for all (λ 1 , λ 2 , λ 3 ) ∈ S 2 .
The requirement for a contact sphere to be taut is equivalent to the system of equations (for i = j) α i ∧ dα i = α j ∧ dα j = 0,
The analogous structure of a (taut) contact circle, defined in terms of two contact forms (α 1 , α 2 ), was studied in our previous papers [4] , [5] , [6] . In [4] we gave a complete classification of the closed, orientable 3-manifolds that admit a taut contact circle or a taut contact sphere:
Theorem 3. Let M be a closed 3-manifold.
(a) M admits a taut contact circle if and only if M is diffeomorphic to a quotient of the Lie group G under a discrete subgroup Γ acting by left multiplication, where G is one of the following.
(i) S 3 = SU(2), the universal cover of SO(3).
(ii) SL 2 , the universal cover of PSL 2 R.
(iii) E 2 , the universal cover of the Euclidean group (that is, orientation preserving isometries of R 2 ).
(b) M admits a taut contact sphere if and only if it is diffeomorphic to a leftquotient of SU (2) .
In [5] we showed that every closed, orientable 3-manifold admits a contact circle, and we gave examples of contact spheres. For instance, S 1 × S 2 ⊂ S 1 × R 3 , described in terms of coordinates (θ, x, y, z), does not admit any taut contact circles by Theorem 3, but it admits the contact sphere α 1 = x dθ + y dz − z dy, α 2 = y dθ + z dx − x dz, α 3 = z dθ + x dy − y dx.
In [6] we described deformation spaces for taut contact circles and gave a complete classification of taut contact circles. The present paper achieves the corresponding classification for taut contact spheres.
For further motivation of the interest and significance of contact circles and spheres we refer the reader to the introductory sections of [4] and [6] .
Statement of results
We now describe in outline the main results of the present paper. Our notational convention throughout will be that M denotes a closed, orientable 3-manifold; U will denote a 3-manifold that need not be closed.
The relation (α 1 , α 2 , α 3 ) ∼ (vα 1 , vα 2 , vα 3 ) for some smooth v : U → R + is easily seen to be an equivalence relation within the set of (taut) contact spheres. It is implicit in [3] and follows by a simple extension of the ideas from [4] that a taut contact sphere on U gives rise to a hyperkähler structure on U × R. In Section 3 we analyse this situation a little more carefully. One of the results proved there is the following.
Proposition 5.
A contact sphere on U determines an oriented conformal structure on U × R. A taut contact sphere on U determines a hyperkähler structure on U × R. Conformally equivalent (taut) contact spheres determine isomorphic conformal (resp. hyperkähler) structures.
The hyperkähler structures constructed in this way have an additional invariance property, and for these there is a converse of this proposition, see Corollary 14.
We also show that for a taut contact sphere (α 1 , α 2 , α 3 ) on U there is the following pointwise model on U × R for the triple of symplectic forms
(where t denotes the R-coordinate), expressed in quaternionic notation: At any x ∈ U × R, there is a quaternionic coordinate dq x for the tangent space
The key to the classification of taut contact spheres is then the following statement.
Theorem 6. The hyperkähler metric on M × R induced by a taut contact sphere on a closed 3-manifold M is flat.
Proof. Let (α 1 , α 2 , α 3 ) be a taut contact sphere on M . As we shall see in Section 3, the induced hyperkähler structure (g, J 1 , J 2 , J 3 ) on M × R is given by the equations
where the J i are ∂ t -invariant. Hence we have the hyperhermitian structure (e −t g, J 1 , J 2 , J 3 ) that descends to the quotient M × S 1 of M × R under the map (p, t) → (p, t + 1), say. A result of Boyer [2] says that a hyperhermitian metric is anti-self-dual, so the self-dual part W + of the Weyl tensor of the metric e −t g vanishes. Then the signature formula for (M × S 1 , e −t g) yields This theorem implies that on a closed manifold the pointwise model above for the triple of symplectic forms d(e t α i ), i = 1, 2, 3, coming from a taut contact sphere, is actually a local model, since the three symplectic forms and the hypercomplex structure (J 1 , J 2 , J 3 ) are all parallel with respect to the flat hyperkähler metric g.
It is then not very difficult, using properties of the ∂ t -flow, to derive the following classification statement. The proof will be given in Section 4. Here we call a contact sphere naturally ordered if α 1 ∧ α 2 ∧ α 3 is a positive multiple of α i ∧ dα i . Throughout this paper we shall assume our contact spheres to satisfy this condition.
Theorem 7.
If M is diffeomorphic to a lens space L(m, m − 1), including the 3-sphere L(1, 0), then the (naturally ordered) taut contact spheres on M , up to diffeomorphism and conformal equivalence, are given by the following Z m -invariant quaternionic 1-form on S 3 ⊂ H,
where ν can be any non-negative real number. If M is diffeomorphic to Γ\SU(2) with Γ ⊂ SU(2) a non-abelian group, there is a unique taut contact sphere on M , described by the formula above with ν = 0.
All these taut contact spheres are homogeneous under a natural SO(3)-action. In particular, all great circles in a given taut contact sphere are isomorphic taut contact circles.
Note that the manifolds listed in this theorem exhaust all the possible leftquotients of SU(2), cf. [4] . The Z m -action on S 3 that produces the quotient L(m, m − 1) is generated by right multiplication with cos(2π/m) + i sin(2π/m).
Remarks. (1) The action of SO(3) on iα 1 + jα 2 + kα 3 is given by conjugation with unit quaternions u ∈ S 3 ⊂ H. This action is induced from the S 3 -action q → uq on H, and that cannot be replaced by an SO(3)-action. This amounts to a spinor phenomenon. See also the proof of Proposition 12.
(2) By setting q equal to 1 + ix + jy + kz we obtain from the formula in the theorem (with ν = 0) a nice expression for a taut contact sphere on R 3 :
See Proposition 13 for the principle behind this observation.
One might suspect that taut contact spheres constitute such a rigid structure that Theorem 6 would also hold locally and for open manifolds. However, this turns out to be false, even conformally.
Theorem 8. There is a taut contact sphere on an open domain U in R 3 inducing a metric on U × R that is not conformally flat.
We show that locally the conditions for a taut contact sphere lead, after imposing additional homogeneities, to a complex Monge-Ampère equation, and we find local solutions for this equation corresponding to non-flat metrics. This is done in Section 5.
We shall observe below (Corollary 15) that not all taut contact circles on left-quotients of S 3 extend to a taut contact sphere. By contrast, in Section 6 we prove the following result about extending taut contact circles to (not necessarily taut) contact spheres.
Theorem 9. Every taut contact circle on a compact left-quotient of SU(2) extends to a contact sphere. On compact left-quotients of SL 2 or E 2 there are no contact spheres with a taut great circle.
At present we cannot say anything about the existence of contact spheres (without any kind of restriction) beyond exhibiting some isolated examples such as S 1 × S 2 , described above, and others that can be found in [5, Prop. 5.7] .
Hyperkähler geometry
Let (α 1 , α 2 , α 3 ) be a contact sphere on a 3-manifold U . This gives rise to the symplectic forms Ω i = d(e t α i ), i = 1, 2, 3, on U × R. At any point x of U × R, these symplectic forms span a definite 3-plane in the space 2 T * x (U × R) of skewsymmetric bilinear forms on the tangent space T x (U × R). If the contact circle is taut, we have in addition the identities (for i = j)
First we are going to study the linear algebra of this situation. Thus, let V 4 be a 4-dimensional real vector space and write V 6 = 2 V * 4 . Consider the quadratic form
of signature (3, 3) . We call a triple (A 1 , A 2 , A 3 ) of elements of V 6 a symplectic triple on V 4 if it spans a definite 3-plane for Q in V 6 , and a conformal symplectic triple if the stronger condition (for i = j)
is satisfied, cf. [3] . The same terminology will be used for triples of symplectic forms (Ω 1 , Ω 2 , Ω 3 ) on a 4-manifold as described above.
Remark on Notation. In the sequel, any equation (or other statement) involving the indices i, j, k is meant to be read as three equations, with (i, j, k) ranging over the cyclic permutations of (1, 2, 3). We write bold face i for √ −1 ∈ C, and bold face i, j, k for the standard quaternionic units with ij = k. The relation between real, complex, and quaternionic coordinates will be given by
For J a complex structure on V 4 , we denote by
the space of exterior forms of type (p, q) on V 4 . As shown in [4] , a symplectic couple (A i , A j ) determines a unique complex structure J k on V 4 for which
In [3] it was shown that a conformal symplectic triple (A 1 , A 2 , A 3 ) gives rise to a definite bilinear form g and a quaternionic structure (
We call a conformal symplectic triple naturally ordered if this g is positive definite. Notice that the sign of g is well-defined, since the (−J 1 , −J 2 , −J 3 ) do not satisfy the quaternionic identities. (In particular, hyperkähler structures are always naturally ordered.)
The following proposition gives a (pointwise) normal form for conformal symplectic triples.
Proposition 10. Let (A 1 , A 2 , A 3 ) be a naturally ordered conformal symplectic triple on V 4 . Then there are real linear coordinates dx 0 , dx 1 , dx 2 , dx 3 on V 4 such that
In terms of the corresponding complex and quaternionic coordinates we have
and
Remark. Because of the non-commutativity of H some care is necessary in interpreting the wedge product of H-valued 1-forms α, β on a vector space V . Our convention is to read it as
This ensures α ∧ qβ = αq ∧ β, and that α ∧ α is always purely imaginary.
Proof of Proposition 10.
and A 1 ∧ (A 2 + iA 3 ) = 0 we conclude that the (0, 2)-part of A 1 with respect to J 1 is zero. The form A 1 being real, its (2, 0)-part must also vanish, hence
Then we can write
with A 1 a hermitian (2 × 2)-matrix. By our assumption on (A 1 , A 2 , A 3 ) being naturally ordered, the matrix A 1 is positive definite. Hence there is a matrix
and so in terms of the basis {ℓ 1 , ℓ 2 } for
defined by ℓ ′ = Cℓ we have
for some c ∈ C. We then find
from which we conclude |c| = 1. The linear complex coordinates z 1 , z 2 corresponding to {cℓ 1 , ℓ 2 } then give the desired complex normal form. The real and quaternionic normal forms can be derived easily from the complex one. 2
Remarks.
(1) The condition on (A 1 , A 2 , A 3 ) being naturally ordered can be rephrased as saying that the ordered frame (∂ x 0 ⌋A 1 , ∂ x 0 ⌋A 2 , ∂ x 0 ⌋A 3 ) defines the same orientation as each of the 3-forms
(2) Notice that in terms of these pointwise coordinates we have g = dx 2 1 + dx 2 2 + dx 2 3 + dx 2 4 and (J 1 , J 2 , J 3 ) = (i, j, k). Moreover, we recognise the 3-plane in V 6 spanned by A 1 , A 2 , A 3 as the space of self-dual 2-forms for the metric g and the orientation of V 4 defined by A i ∧ A i .
(3) Here is another characterisation of taut contact spheres that can be read off from the preceding proposition: The purely imaginary 1-form α = iα 1 +jα 2 +kα 3 defines a taut contact sphere if and only if α 1 is a contact form and at each point x of the manifold there is an H-valued linear form β x on the tangent space at x
Corollary 11. The positive definite bilinear form g, and hence the quaternionic structure (J 1 , J 2 , J 3 ), is uniquely determined by the conformal symplectic triple
Proof. An inspection of the proof of the preceding proposition shows that if {ℓ * 1 , ℓ * 2 } is another basis for
giving rise to the same normal forms for A 1 and A 2 + iA 3 , then ℓ = C * ℓ * with C * ∈ SU(2), which corresponds to an isometry of g. 2
Proposition 12. There is a one-to-one correspondence between definite 3-planes V 3 in V 6 (with respect to Q) and oriented conformal structures on V 4 .
Proof. Given an oriented conformal structure on V 4 , define V 3 as the corresponding space of self-dual 2-forms on V 4 . For the converse, we recall some quaternionic linear algebra. Under the identification of the purely imaginary quaternions with R 3 , any element φ of SO (3) can be written as quaternionic conjugation φ = φ u ,
with some unit quaternion u ∈ S 3 ⊂ H. The map u → φ u is the standard double covering S 3 → SO(3). Given a definite 3-plane in V 6 , choose a naturally ordered conformal symplectic triple (A 1 , A 2 , A 3 ) spanning it. An orientation on V 4 is then given by
Let q be a quaternionic coordinate for V 4 as in Proposition 10, and g = dx 2 1 + dx 2 2 + dx 2 3 + dx 2 4 the inner product on V 4 determined by (
is another naturally ordered conformal symplectic triple spanning the same 3-plane V 3 and satisfying
Notice that Q defines an inner product on V 3 for which (A 1 , A 2 , A 3 ) and (A ′ 1 , A ′ 2 , A ′ 3 ) are orthogonal bases consisting of vectors of equal length, and defining the same orientation. Hence there is an element φ u ∈ SO(3) such that 
By the preceding discussion this can be written as
So a quaternionic coordinate corresponding to (A ′ 1 , A ′ 2 , A ′ 3 ) is given by uq, which gives rise to the same inner product g on V 4 since left multiplication on H by a unit quaternion is an isometry for dx 2 1 + dx 2 2 + dx 2 3 + dx 2 4 . If the conformal symplectic triple (A 1 , A 2 , A 3 ) is replaced by (vA 1 , vA 2 , vA 3 ), v ∈ R + , then the induced inner product changes to vg. This proves the proposition.
2
Proof of Proposition 5. A (taut) contact sphere (α 1 , α 2 , α 3 ) on U gives rise to a (conformal) symplectic triple (Ω 1 , Ω 2 , Ω 3 ) as described at the beginning of this section. The complex structures J 1 , J 2 , J 3 defined on each tangent space depend smoothly on x, and thus define almost complex structures on U × R, which are integrable in the taut case, see [4] . So the statement concerning contact spheres and conformal structures is immediate from the preceding proposition. Notice that the orientation and conformal class of the metric on U × R are completely characterised as the unique ones for which the Ω i are self-dual. The statement about taut contact spheres and hyperkähler structures follows similarly; see [3] for an explicit argument. A non-taut contact sphere determines at each point a linear 2-sphere worth of complex structures, since pointwise the symplectic triple (Ω 1 , Ω 2 , Ω 3 ) can be replaced by a conformal symplectic triple spanning the same 3-plane of skew-symmetric forms; this does not change the space of corresponding almost complex structures. This replacement can be done globally, leading again to triples (J 1 , J 2 , J 3 ) satisfying the quaternionic identities. But there does not seem to be a canonical choice for this construction.
If two contact spheres are related by multiplication by the function v : M → R + , the induced structures on U × R are related by the diffeomorphism (p, t)
defines the same orientation on U as ∂ t ⌋Ω 2 i = 2e 2t α i ∧ dα i , that is, if the contact sphere (α 1 , α 2 , α 3 ) is naturally ordered.
The converse of Proposition 5 can be formulated as follows.
, where ψ t denotes the flow of ∂ t . Then the equations α i = ∂ t ⌋Ω i define a naturally ordered taut contact sphere (α 1 , α 2 , α 3 ) on any transversal of ∂ t . Shifting the points of the transversal along the orbits of ∂ t will change the taut contact sphere within its conformal class.
The proof is a straightforward computation, using Ω i ∧ Ω i = Ω j ∧ Ω j = 0 and Ω i ∧ Ω j = 0 for i = j, cf. [3] . If the hyperkähler structure comes from a taut contact sphere as in Theorem 5, then the above construction recovers the taut contact sphere, and conversely. In other words, Propositions 5 and 13 can be summarised in the following statement.
Corollary 14. There is a one-to-one correspondence between naturally ordered taut contact spheres on U (up to conformal equivalence and diffeomorphism) and isomorphism classes of hyperkähler structures on U × R satisfying the condition ψ * t Ω i = e t Ω i . 2
Classification of taut contact spheres
This section is largely devoted to the proof of Theorem 7. Subsequently, we combine the classifications of taut contact circles and spheres to formulate an extension result from the former to the latter.
Proof of Theorem 7. To begin with, let (α 1 , α 2 , α 3 ) be a taut contact sphere on S 3 , and let g be the induced metric on S 3 × R. Since g is flat and S 3 × R simply-connected, the developing map for this metric defines a local isometry Φ : S 3 × R → E 4 into euclidean 4-space. If W ⊂ S 3 × R is a domain on which Φ restricts to a diffeomorphism, then (Φ|W ) * ∂ t is a vector field Y W on the domain Φ(W ) ⊂ E 4 generating a 1-parameter group of homotheties of the euclidean metric (since L ∂t g = g by the construction of g). Since homothetic transformations of a Riemannian manifold are affine transformations (this is easy to see for the euclidean metric), Y W is the restriction Y | Φ(W ) of a homothetic vector field Y defined on all of E 4 . Then ∂ t and Φ * Y are homothetic vector fields for g that coincide on the open set W , which forces
A homothetic vector field on E 4 vanishes at a single point, and without loss of generality we may assume that Y vanishes at 0. Let π : E 4 − {0} → S 3 E be the projection onto the orbit space of Y (which we can identify with the unit sphere S 3 E ⊂ E 4 since Y , as a genuinely expanding homothetic vector field, is transverse to any sphere centred at 0). Then the composition
is a local diffeomorphism, hence a diffeomorphism because S 3 is simply-connected. The property ∂ t = Φ * Y then implies that Φ is a diffeomorphism from S 3 × R to E 4 − {0}, hence a global isometry. The submanifold Φ −1 (S 3 E ) is a transversal of the ∂ t -flow in S 3 × R, and hence the graph of a function f : S 3 → R. The diffeomorphism S 3 × R → S 3 × R given by (p, t) → (p, t + f (p)) sends S 3 × {0} to the graph of f and pulls back the forms e t α i to e f e t α i . This implies that to classify taut contact spheres up to conformal equivalence and diffeomorphism, it suffices to consider the pushedforward contact sphere Φ * (e t α 1 , e t α 2 , e t α 3 ) on S 3 E . To simplify notation, we continue to write e t α i , Ω i , J i for the push-forwards of these objects to E 4 − {0}, and we identify ∂ t with Y . Thus (J 1 , J 2 , J 3 ) defines a hyperkähler structure with respect to the euclidean metric g E , and (Ω 1 , Ω 2 , Ω 3 ) are the corresponding Kähler forms. In particular, the J i and Ω i are parallel with respect to g E , and thus have constant coefficients in any linear coordinate system for E 4 . As a consequence, there are linear coordinates x 0 , x 1 , x 2 , x 3 on E 4 with respect to which the formulae of Proposition 10 hold (with A i replaced by Ω i ). Observe that this forces x 0 , x 1 , x 2 , x 3 to be an orthonormal coordinate system with respect to g E .
Write ψ t for the flow of Y . This flow commutes with the J i and satisfies ψ * t g E = e t g E and ψ * t Ω i = e t Ω i , in particular ψ * t (dz 1 ∧ dz 2 ) = e t dz 1 ∧ dz 2 . Since the flow of Y preserves J 1 , we have a holomorphic vector field Y C on E 4 = C 2 with Y = 2Re(Y C ). As a homothetic vector field vanishing at zero, Y can be represented as a linear map, and this implies that Y C corresponds to a complex linear map z → Y C z with respect to the coordinate z = z 1 z 2 .
A straightforward calculation shows that the condition ψ * t g E = e t g E translates into Y C being of the form
with Z C a skew-Hermitian matrix; the condition ψ * t (dz 1 ∧dz 2 ) = e t dz 1 ∧dz 2 forces Z C to have zero trace. After a special unitary change of coordinates (which does not change the expressions for the Ω i ) we may assume that Z C is in diagonal form, i.e.
with ν ∈ R. In the usual notation for vector fields this means
We conclude
Remark. This analysis can be carried out locally. As a result, the quaternionic formula in Theorem 7 is a universal local model for (naturally ordered) taut contact spheres inducing a flat hyperkähler metric. We also conclude that a taut contact sphere on a piece of S 3 is locally equivalent to one defined on all of S 3 if and only if its induced 4-dimensional metric is flat.
To translate the preceding equations into quaternionic notation, we observe
We also observe
Putting all this together, we find
This shows that, up to conformal equivalence and diffeomorphism, the taut contact spheres on S 3 are as described in Theorem 7. The fact that different nonnegative values of ν give non-isomorphic contact spheres follows from the corresponding classification of taut contact circles in [4] , [6] . Write α ν i for the 1-forms in the above expression corresponding to the parameter value ν. From the complex expression it is obvious that the diffeomorphism of S 3 E induced by
3 ), and the latter is isomorphic to (α
3 ) under the diffeomorphism of S 3 given by q → iq.
Remark. Notice that the quaternionic 1-form dq ·q −q ·dq is invariant under right multiplication q → qu by unit quaternions u. This is not altogether surprising, since with our conventions left multiplication on C 2 by
where a = a 1 + ia 2 , b = b 1 + ib 2 , |a| 2 + |b| 2 = 1, corresponds to right multiplication on H by the unit quaternion u = a 1 + ia 2 + jb 1 + kb 2 .
Now consider a taut contact sphere on a left-quotient M of SU(2). The induced flat hyperkähler structure on M × R lifts to just such a structure on S 3 × R, invariant under the deck transformation group Γ. As was already argued in [4] for taut contact circles, this implies that in the complex coordinates (z 1 , z 2 ) which give a normal form as described above, one has Γ ⊂ SU(2). Moreover, again as in [4] , the parameter ν is forced to be zero for non-abelian Γ, and it can take any value for Γ = Z m ⊂ SU(2), generated by
where ε is some mth root of unity. This is obvious from the complex normal form, and also from the quaternionic one by the remark above and the invariance of qiq under q → qu for u a unit quaternion of the form u = u 0 + iu 1 ∈ C ⊂ H.
For any unit quaternion u we have
so taut contact spheres (α 1 , α 2 , α 3 ) and (α ′ 1 , α ′ 2 , α ′ 3 ) related by an element φ u of SO(3) have, just as in the proof of Proposition 12, quaternionic coordinate expressions related by q ′ = uq. In particular, this SO(3)-action on taut contact spheres shows that any taut contact sphere can be swept out by great circles, all defining isomorphic taut contact circles.
This concludes the proof of Theorem 7. 2
Recall the classification (up to diffeomorphism and homothety, i.e. conformal equivalence and rotation) of taut contact circles (α 2 , α 3 ) on left-quotients of S 3 , see [4] , [6] . On the lens spaces L(m, m − 1) we have the continuous family of taut contact circles induced by the Z m -invariant complex 1-form
(restricted to S 3 ⊂ C 2 ) with δ ∈ C, −1/2 < Re(δ) < 1/2, modulo replacing δ by −δ, which corresponds to the diffeomorphism defined by (z 1 , z 2 ) → (z 2 , z 1 ) and changing from (α 1 , α 2 ) to (−α 1 , −α 2 ). Furthermore, there is a discrete family described by
where n ranges over the natural numbers congruent −1 mod m.
On non-abelian left-quotients of SU (2) there is a unique taut contact circle, described as in the continuous family above with δ = 0.
The following is then a direct corollary of the classification of taut contact circles and spheres. By uniqueness in that corollary we mean uniqueness in the sense of the classification (i.e. up to diffeomorphism and conformal equivalence). An explicit calculation would show that in most cases a much stronger uniqueness holds. The idea is that an isomorphism between two extensions of a taut contact circle to a taut contact sphere gives, in particular, an isomorphism of the taut contact circle from which we started, and such isomorphisms are known to be very restricted, see [4] .
Corollary 15. The taut contact circle on a non-abelian left-quotient of SU (2) extends in a unique way to a taut contact sphere.
On L(m, m − 1), the taut contact circles in the discrete family do not extend to a taut contact sphere; the taut contact circle in the continuous family extend to a taut contact sphere if and only if δ is purely imaginary, and this extension is unique.
2 Theorem 6 can be interpreted as a global rigidity result. We also have the following local rigidity.
Proposition 16. The conformal equivalence class of a taut contact sphere on a left-quotient M of SU (2) is determined by its restriction to any open domain U ⊂ M .
Proof. Without loss of generality we may assume that the developing map Φ : U × R → E 4 for the metric defined by the taut contact sphere is a diffeomorphism onto its image. The vector field Φ * ∂ t then extends uniquely to a global vector field Y on E 4 that is homothetic for g E , and the pair (1/2) ± iν of eigenvalues of Y at its vanishing point determines ±ν, hence the equivalence class of the taut contact sphere. 2
Non-flat metrics
The proof of Theorem 8 will take up all of this section. We have seen in Proposition 13 how to construct a taut contact sphere corresponding to a suitable hyperkähler structure (Ω 1 , Ω 2 , Ω 3 ). Notice that in terms of the holomorphic structure given by J 1 , an equivalent description of this hyperkähler structure is given by a holomorphic symplectic form Ω = Ω 2 + iΩ 3 and a real (1, 1)-form Ω 1 with 2Ω 2 1 = Ω ∧ Ω. We now make the following ansatz: Let z 1 , z 2 be complex coordinates on C 2 and identify C 2 with R 3 ×R by equating the R-direction with the real part of z 1 /2, so that ∂ t = Re(∂ z 1 ) and ψ t (z 1 , z 2 ) = (z 1 + t/2, z 2 ). Set
with λ(z 1 , z 2 ) a nowhere zero holomorphic function, and
with H(z 1 , z 2 ) a real-valued function.
To satisfy the conditions ψ * t Ω i = e t Ω i it is sufficient to have ψ * Further, the identity 2Ω 2 1 = Ω ∧ Ω is equivalent to the complex Monge-Ampère equation
If all these conditions are met, Proposition 13 tells us how to recover the corresponding taut contact sphere. We satisfy condition (1) by taking λ = e 2z 1 and simplyfing the ansatz further to
with h(s 1 , s 2 ) a function of two real variables. Then, writing h i for the partial derivatives h s i = ∂h/∂ s i etc., we have
and equation (2) becomes
We can rewrite this equation as an exterior differential system:
ds 1 ∧ ds 2 = dp 1 ∧ dp 2 + h ds 1 ∧ dp 2 − p 2 2 ds 1 ∧ ds 2 .
In order to get rid of mixed derivatives we introduce p 2 as an independent variable. The identity
suggests the contact transformation h(s 1 , s 2 ) k(t 1 , t 2 ) given by
with inverse transformation
We compute dp 1 ∧ dp
So the contact transformation takes equation (3) to the following equation, where we now write k i for k t i etc.:
Elementary solutions of this equation can be found by separation of variables; a possible solution is given by k = −k 0 (t 2 ) cos t 1 , where the function k 0 (t 2 ) is determined by the differential equation
To undo the contact transformation we compute
and, writing s for s 2 / cos s 1 ,
By computing the s-derivative of the expression in parentheses one sees that h can be written explicitly as
The reader may wish to verify directly that this constitutes a solution of (3) . As domain of definition we may take
The Kähler potential H corresponding to this solution gives rise to a hyperkähler metric g on U × R inducing a taut contact sphere on U , with
The relation with the complex coordinates is given by s 2 +is 1 = 2z 1 and t/2+is 3 = z 2 , say.
We claim that g is non-flat. The coefficients of this metric are
Write G for the (2 × 2)-matrix (g αβ ). Then the curvature tensor K αβγδ , read for fixed γ, δ as a (2 × 2)-matrix indexed by α and β, is computed by
cf. [7, p. 159 ].
Contact spheres with taut great circles
This section gives the proof of Theorem 9. We split the theorem into two propositions.
Proposition 17. Every taut contact circle on a left-quotient of SU(2) extends to a contact sphere.
Proof. (i) If M is a non-abelian left-quotient of SU (2), there is a unique taut contact circle on M (up to homothety and diffeomorphism), induced from two of the three standard Maurer-Cartan forms on SU (2) . The third of these forms defines the extension to a taut contact sphere.
(ii) If M is diffeomorphic to L(m, m − 1), we have to deal with the continuous and the discrete family of taut contact circles.
(a) Recall that the continuous family is described by
with δ = δ 1 + δ 2 i and |δ 1 | < 1/2. Let us check that if
is a contact sphere on S 3 ⊂ C 2 for any allowed value of δ. Clearly this contact sphere is Z m -invariant, and so descends to L(m, m − 1). Notice that for δ 1 = 0 this is exactly the taut contact sphere described previously.
for the usual volume form on S 3 . Then we have
as 3-forms on S 3 . Using these formulae and their conjugates, one easily proves the following identities (again, for 3-forms on S 3 ):
Then the symmetric part of the (3 × 3)-matrix
where ρ = (1/2) + δ 1 (|z 1 | 2 − |z 2 | 2 ) and the real functions a and b are given by a + bi = iδ 1 z 1 z 2 . This matrix is seen by elementary means to be positive definite when |δ 1 | < 1/2, and so (α 1 , α 2 , α 3 ) is a contact sphere. Moreover, the matrix is a multiple of the identity matrix if and only if δ 1 = 0. So the contact sphere is taut only for purely imaginary δ, in accordance with Corollary 15.
(b) The discrete family may be described by
with n ≡ −1 mod m and b any sufficiently small positive real number. The equivalence class of such a taut contact circle only depends on n, not on b. The same α 1 as in (a) defines an extension to a contact sphere, provided b is chosen sufficiently small. 2
Remark. In part (a) of the above proof, the term −(δ 2 /2) d(|z 1 | 2 − |z 2 | 2 ) in the formula for α 1 is crucial for making the symmetric (3 × 3)-matrix independent of δ 2 . In fact, with the choice α 1 = (1/2)ω 1 we get the same matrix except for the coefficients a and b, which are replaced by the real and imaginary parts of iδz 1 z 2 , respectively. Such a matrix depends on δ 1 and δ 2 , and is seen to be indefinite when δ 2 is large enough.
Proposition 18. On compact left-quotients M of SL 2 or E 2 there are no contact spheres with a taut great circle.
Proof. We argue by contradiction. Assume that (α 1 , α 2 , α) is a contact sphere, with (α 1 , α 2 ) determining a taut great circle. As shown in [4] , [6] , we may choose (α 1 , α 2 , α) in its conformal equivalence class in such a way that there is a 1-form α 3 on M giving rise to the equations
where K = −1 for left-quotients of SL 2 and K = 0 for left-quotients of E 2 .
In particular, the 1-forms α 1 , α 2 , α 3 are pointwise linearly independent (since α 1 ∧ α 2 ∧ α 3 = α 1 ∧ dα 1 = 0), and hence we can write α = a 1 α 1 + a 2 α 2 + a 3 α 3 , where the a i are smooth functions on M , and where we may assume without loss of generality that a 3 > 0.
We now claim that α 3 ∧ dα > 0, by which we mean that it is a positive multiple of the volume form α 1 ∧ α 2 ∧ α 3 . Let p be any point in M . Since
is (up to scaling) an element in the contact sphere (α 1 , α 2 , α), we have α ′ ∧dα ′ > 0. Notice that α ′ (p) = a 3 (p)α 3 (p). Hence at p we get
Since p ∈ M was arbitrary, we conclude α 3 ∧ dα > 0.
With Ka 3 ≤ 0 we compute
Hence d(α ∧ α 3 ) is an exact volume form on the closed manifold M , which is absurd. This contradiction proves the proposition. 2
(1) Observe that in the E 2 -case the form α 3 is integrable (in the sense of Frobenius) and its leaves are closed tori, see [6, Section 5] . So a contradiction is already obtained from the condition α 3 ∧ dα > 0.
(2) In the SL 2 -case it is even impossible to satisfy the weaker condition that α 1 , α 2 , α be pointwise linearly independent and span a 2-sphere of 1-forms ω all satisfying ω ∧ dω ≥ 0.
